INTEGRATION IN A CONVEX LINEAR
TOPOLOGICAL SPACE*

BY
R. S. PHILLIPS

This paper is concerned with a theory of integration for functions with
values in a convex linear topological space. We consider an integral which is
essentially an extension to this general space of the integral studied by Gar-
rett Birkhoff [1] in a Banach space. By imposing different convex neighbor-
hood topologies on a Banach space, we obtain as instances of our integral
those defined by Birkhoff [1], Dunford [2], Gelfand [3], and Pettis [4].

Let f(s) be a function on an abstract set S to the real numbers, and let
a(o) be a nonnegative measure function on an additive family of subsets §
of S. A necessary and sufficient condition for the Lebesgue integral to exist
is that for each e >0 there exist a partition A, of .S into a denumerable set of
sets (o) such that for any two orderings of these sets, (¢#) and (¢.?),

I

lim sup Y a(od) supserif(s:) — liminf Y a(e2)-inf,e,2/(s:)| < e.
n n

We have introduced upper and lower limits in order to stress the fact that
unconditional convergence is an unnecessary concept in the definition of the
Lebesgue integral. In fact by avoiding unconditional convergence we have
been able to extend this integral to a linear convex topological space. This
further permits a simplification in the concepts involved.

In the first section we consider a few relations between linear continuous
operations and convex neighborhoods which have been found useful in the
study of the integral. In §2 the integral is defined and some essential proper-
ties of unconditional summability are established. This is followed in §3 by
a discussion of the basic properties of the integral. The integral of an inte-
grable function x is an absolutely continuous and completelyadditive set func-
tion depending linearly on «. It is found in §4 that the integrability conditions
can be relaxed when the space satisfies a certain type of completeness condi-
tion. A demonstration that the linear continuous transform of an integrable
function is itself integrable occupies §5. Section 6 treats convergent sequences
of integrable functions, while §7 deals with relations to other integrals. A
theorem on differentiation is proved in §8. In §9 an application is made of
this theory to an existence theorem in differential equations. Finally in §10

* Presented to the Society, April 15, 1939; received by the editors June 19, 1939.
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some examples are given to demonstrate properties of the integral. Example
10.2 shows that the Birkhoff and Pettis integrals are different. As a conse-
quence our development leads to the definition of a class of integrals for the
theory of integration on a Banach space.

1. On convex linear topological spaces. We will restrict ourselves in this
paper to the type of convex linear topological space X defined by Kol-
mogoroff [5, p. 29] to satisfy the following axioms:

1. X is a linear space relative to real numbers [6, p. 26].

2. There exists an operation of closure, B, for any subset B of X with the
following properties:

2a. If B consists of a single element of X, then B=B.

2b. B=B.

2¢. B4+C =B+C (4 stands for set addition).

3. Addition of elements and multiplication by numbers are continuous.

4. There exists an equivalent neighborhood system of convex* neighbor-
hoods U. Kolmogoroff has shown that Axioms 1, 2, 3 are sufficient to make X
a regular Hausdorff space with a uniform topology.tf We will therefore use
only neighborhoods of the null vector.

In a convex space pseudo-norms have been defined by von Neumann [7,
pp. 18-19] as follows: Let ||#|| equal the greatest lower bound of @ >0 such
that x ¢ aU, and let ||#||y=max [||«(|§, || —[|3]. He has established the fol-
lowing properties by arguments that are applicable to our space:

le + sllo = [ldl + I5llo, [lasllo = | a|-[«lle, liellv = o,

||2||v is a continuous function of x, and the sets ||z|ly <8, U ¢ U, §>0 form a
complete system of neighborhoods for 6. The norm has the additional prop-
erty: ||| =0 if and only if x=6. This is not a property of the pseudo-norm.
In the remainder of this paper we will use the system of neighborhoods de-
fined by the pseudo-norms and designate by U the set of all x such that
||lxllv <1. Hence Uy > U is equivalent to the statement that ||x||z, <1 implies
||/|u, <1. Since the pseudo-norm is homogeneous and continuous, this is in
turn equivalent to || x|z, <||]|v,-

Let us now set up a one-to-one correspondence between the set of all linear
continuous operations} on X and an abstract class T" of the same cardinal
power; say, &, corresponds to ¢ ¢ T. We proceed to prove that the neighbor-
hoods of X can be defined by linear continuous operations on X.

* A set Bis convex if, whenever x, ye B, ¢, b=0, and a+b=1, then ax+by ¢ B.

t X is said to have a uniform topology if, when ‘U(x) and V() are the neighborhood systems
for x and 6 respectively, x+U(6) is equivalent to U(x).

1 The term “operation” is used for a numerical function.
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TuEOREM 1.1. For eack U e U there exists a subset Ty of T such that
[x|xe X, |&(x)| <lforeveryteTy]=[x|xeX,|v<1].*

Wehausen [8, p. 162, Theorem 8] has demonstrated that given any x, e X
and U & U, there exists a linear continuous operation %, on X with the prop-
erty that | #o(x)| <||«||v and Zo(xs) =||x¢||v. To each x ¢ X corresponds in this
fashion #,. To the set of # ¢ X for which ||«||v =1 will then correspond a sub-
set Ty=[t.] of T. For t ¢ Ty, | #.(x)| <||%||v, and hence [x|x ¢ X, | z.(x)| <1
for every t e Ty] 2 [#|x ¢ X, ||«]|v <1]. Further if | &,(x)| <1for every t ¢ Ty,
then either ||#||v=0, or ||#||y5%0, in which case there exist f,, ¢ Ty and a>1
such that | #&,,(ax)| =1=||ax||v and ||x||v=1/|a| <1. The inclusion therefore
holds both ways.

We will use interchangeably the three symbols U, [x|x ¢ X, ||#]|s <1], and
[x|x ¢ X, |#(x)| <1forevery¢e Ty] since they represent the same subset of
X. The last expression can be considered as an analysis of the neighborhood U
just as the neighborhoods U furnish a decomposition of the neighborhood
system V.

It is instructive to investigate the relation between the set of all linear
continuous operations on X and that subset used to define the neighborhood
system. This can be conveniently described by means of the algebraic notion
of a factor group. Essentially the factor group permits us to study a linear
convex topological space by means of a set of linear normed vector spaces.

If © is a closed linear manifold in X, then, being a subgroup of X,
© defines a factor group ¥ whose elements y correspond biuniquely to the
cosets. Y is again a linear space. Now for a given U ¢ U we will define
Ou=[x|x ¢ X, ||#]|u=0] or what is equivalent O@y=[x|x e X, & (x)=0 for
every t ¢ Ty ). Then as Oy is linear and closed, it defines the factor group V.
We define a norm on Yy to be ||y|| =||#]|v where # is any element of the coset y.
This is clearly independent of the particular x e coset y used and satisfies all of
the properties of a norm. The transformation y=T7(x), where x & coset ¥, is a
linear continuous transformation on X to ¥y with its norm topology. A linear
continuous operation j ¢ Yy, the space adjoint to Yy, defines a linear continu-
ous operation &= T(§), namely &(x) = j(y) where « ¢ coset y. We will use this
correspondence in the statement of the following theorem:

TueOREM 1.2. The set of all linear continuous operations on X is the linear
extension of the set of operations which correspond to the adjoint spaces Yy for
dlUe.

If ¢ 7y, then |2(x)| =|3»)| =I5l 7] =5l ||#/|s- In other words

* We will designate by [y| P] the class of elements y with the properties P.



1940] INTEGRATION IN A TOPOLOGICAL SPACE 117

| #(x)| <eif # € eU/||5||. On the other hand if  is continuous on X, then by a
theorem due to Wehausen [8, pp. 162-163, Theorem 9], there exists a U ¢ ‘U
and a positive constant M for which |%(x)| <M -||«||v. The correspondence
7(y) = #(x) where x & coset y makes & correspond to an element of Vy.

THEOREM 1.3. If the set [%.|t ¢ Tu] has n and only n linearly independent
elements, then Yy has n and only n linearly independent elements.

Suppose first that there exist #+1 linearly independent vectors
¥1, -+, ¥ns1in Yy, and that &, - - -, &, ¢ [#]¢ ¢ Ty] are linearly independ-
ent. If §, corresponds to &, then the system of » homogeneous linear equa-
tions 311 1a:5.(y;)) =0 (¢=1, - - - , m) has a non-trivial solution {a:}. Let «; be
an element of coset y;. Since D ;- 1a:&,(x:) =Y v 1a:5.(y:) =0 (t=1, - - -, n) and
since any other &, for ¢ € Ty is a linear combination of &, - - - , &,, it follows
that #,(3 77 a.x:) =0 for all £ ¢ Ty. Hence D 17} a:x; e Oy which is contrary to
our supposition. On the other hand, if there do not exist # linearly independ-
ent elements in ¥, then some linear combination of every set of # elements of
X belongs to Oy. Hence for every set &, - - - , x,, the # rowed determinant
| #(x;)| =0 (, j=1, - - -, m). Let  be the largest rank attained by | z.(x;)]|
for any choice of {x;}—say |#.(x;)| =0 (¢, j=1, - -, 7). Then |z(x;)| =0
(¢, 7=1,-- -, r+1) for any x,.1 ¢ X and hence there exist {c,} such that
D irici(x) =0 for all x ¢ X. But this means that &, - - - , & are linearly de-
pendent.

COROLLARY 1.4. If each of the sets [&.|t e Ty] has only a finite number of
linearly independent elements, then the set of continuous linear operations on X
is just the linear extension of %]t e Ty, U e U].

Since an #-dimensional normed vector space has an #-dimensional adjoint
space, this is an immediate consequence of Theorems 1.2 and 1.3.

" If a weak topology is defined on a linear vector space by means of all
finite subsets of a certain class X™ of linear operations on the space, then, by
the corollary, the set of all linear continuous operations on this space is ex-
actly the linear extension of X*.

2. The integral and unconditional summability. Let S be an abstract set
possessing a sigma-field S of “measurable” subsets ¢. We will study the in-
tegration of multiple-valued set functions x(s) having the property that the
set x(oy) contains the set x(o2) if 01502 A point function x(s) on S to X
defines a set function of this type x(¢) where x(¢) denotes the set of all ele-
ments x(s) for s e o. The function a(s) will be a single-valued, nonnegative,
bounded, completely additive measure function on § . We will designate by A
a subdivision of S into a finite or denumerable set of sets (¢;) such that
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0:eS,0:0;=0if i4,and ) _o,=S.The expression A; = A, will mean that every
set o of A is a subset of some o2 of A;, and A;-A, will be the subdivision of
sets (o1 -0 ), o* of A;. The convex extension of the subset B of X which is
the set of all ) _"a.x; where a;20, Y "a;=1, x; ¢ B, will be written as cvx (B).
7 will be a finite set of positive integers. 71 =, m1+m2, m1- T2, and m —m, will
denote respectively inclusion, the integers in 7 or m,, the integers in m; and m,
the integers in 7, not in m. »..B; will be the set of all >_,x; summed
over 7 where x; is an element of the subset B; of X. Let {B;} be a finite or
denumerable sequence of subsets of X. We will designate by [>_.B:] the set
of all sums ) _.B.. In this notation [Y_.B;] will be called unconditionally sum-
mable with respect to U if there exists my such that if 7,=my (=1, 2), then
I>>7Bi—>_=Bilu<1;t and unconditionally summable to the value x ¢ X
with respect to U if there exists 7y such that if 7 =7y, then HZ,,Bi—xHU <1.
If the B; are real numbers, then unconditional summability of [>_.B:]is
equivalent to the absolute convergence of ), ,B; [9, p. 63].

We are now in a position to define the U-integral. Let Ja(x, o)
=D x(0-0:)a(o-0:) ] where A= ().

DEFINITION 2.1. %(0) will be said to be U-integrable if for every o &S there
exists a J(x, 0) e X such that given U ¢ U there exists Ay, for which Jay,(x, o) is
unconditionally summable to the value J (x, ¢) with respect to U. We define J (x, o)
to be the value of the integral on the set o; that is, J(x, o) = [,xda.

The uniqueness of J(x, o) will be a consequence of Theorem 2.3 to follow-

The essential difference exhibited by this definition is that it does not
require the sums ) x:a(0;) where x; ¢ x(0;) to converge. Instead it requires
the sums of a subdivision corresponding to a given neighborhood U to be
contained in J(x, ¢) + U whenever the set of integers over which the sum is
taken includes a certain finite set. We are thus freed from convergence prob-
lems. On the other hand to have demanded the unconditional convergence of
the sums Y x(0;)a(o:) would have placed unnecessary restrictions either on
x(c) or on X. Finally it has been necessary to postulate the existence of
J(x, o) because a linear topological space need not be complete.

THEOREM 2.2. If, for a given A, Js(x, S) is unconditionally summable with
respect to U, then J 5(x, o) is unconditionally summable with respect to 3U uni-
formly in o (that is, msu is the same for all 7).

By hypothesis there exists 7y such that if m;=my (=1, 2), then
[> o rix(es)a(o:) =2 rx(o:)a(os)] € U. Since U is convex, we may write the re-
lationship

t If B is a subset of X, then ||B|ly<1 means that B € U.
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a(o; 1)

3 [(edalos) — x(m-)a(ai)]]

kx4

+ [1 — a(o-a,-,)] [ TZU [x(ci)a(o:) — x(os)alo) ]]

a(ail)

where 4, ¢ Ty. Let us take any element of [x(¢:)a(o;) —x(0:)a(s:)] in the first
term on the right and take the same element of [%(s;)a(0:) —x(0:)a(o:) ] in the
second except in the case of i, where we always take 0 ¢ [x(0i)a(o:,)
—x(04,)a(o:,) ] in the second term. This will give

Us 2 [s(eale:) — x(0)a(e)] + [a(o:)alo o) — %(o:,)alo0:)].

Ty—1iy
In a like manner we obtain

Us 2 [x(edale) — x(edale)] + 2 [#(o)a(o-0) — x(o)alo-as)]

Ty—ig—iy i1tis
where 7; & mp. Treating successively the integers of 7y, we will finally arrive at

(1) U> 3 [#(0)alo-0:) —a(e)alo-0:) ]2 2 [a(o-0i)alo-0:) — 2(c-0:)alo-0:)].

If wo- 7y =0, then

@ Z x(c-0;)al(o-0;) € Z x(0;)a(o-0;) € Z cvx [x(o))alo:) + 6]

ccvx |: > x(o:)alo;) | finite set of #’s where 77y = O:I clU.

T

(1) and (2) together give (O_.,x(0-0:)a(o-0:) = r2(0-0:)a(o-05)) € 3U for all
¢ ¢S where m;2my (=1, 2).

THEOREM 2.3. If Ja (x, o) is unconditionally summable to J(x, o) with re-
" spect to U, then for any A=A, Js(x, ) is unconditionally summable to J (x, o)
with respect to 4U.

Without loss of generality we may consider only the case ¢ =S. By hy-
pothesis there exists o such that if 7=, then Q_.x(0:)a(o:) —J(x, S)) c U
where Ag=(¢;). Let (o;%) be a subdivision of ¢;. ThenA= (o) (¢,7=1,2,- - -)
is a subdivision of S. We first propose to prove a lemma.

LemMMA. Let x(o:)a(o:) + Vi€ b;U where V; is a subset of X and b;>0. Then
there exists an n; such that if n=n; then

[ 5 atei)]stod

j=n+1

1
<=
v 2¢

and

n

1
Z 2(of)al(ef) + YVicbU + —2‘: U.

i=1
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Since U is convex,

n

1
b;U > cvx [x(0))a(ss) + V] >— 2 w(cf)alof) + Vi

n =1
where ¢,i=)_;_i0(0;?)/a(c;) 1. Hence

Z x(a,-" )a(a',-") + C,.i YiC C,f biUi Cc biU.

i=1

As ||x(oi)a(o:) +Vi|u<bs, there exists an M, for which |x(s:)a(s))||v
+||Vd|u <M;. Now ¢,i>1 as n— o so that there will be an #; such that if
n2n; then ||(1—c.9)Vilv<1/2¢ and ||(1 —c.?)x(0:)a(os)||v <1/2¢. Therefore
S x(e)al(ei) +Vi<b;U+U/2i for n2zn..

We will now apply this lemma successively to the elements of mo. If i,
is the nth integer of 7, so chosen, then

Vo= 3 zoale) + 2 [ 3 x(ai‘)a(oi‘)] I, 9),

To—Tn—in Tn =1

and b;, = o4r,1/2¢ where m,= (4., 42, - - - , i,_1). We finally obtain

{ 2 [ Z x(a.f)a(a,i)] — J(x, S)} c ( > —;)Uc 2U.

L) i=1 047y

Let » be a finite set of number pairs (7, §) which designate the superscript and
subscript respectively of o;i. Define »' = [(4, j)|i e mo, j=1, - - -, mi]. If v =V,
then the terms of D _,2(s;")a(c;?) not included in the above sum may be split
into two partial sums 2’ and Z’’ where 2’ contains only terms from x(o),
i ¢ mo,and ='’ contains only terms from x(c;), ¢ & mo. There exists 7y (w1 mo=0)
such that -

e Y cvx [x(ei)a(e) + 0]

€¢ 70,1 € 71

ccvx |: Z x(0:)a(os)

L

finite set of #’s where 7 7o = O]C U.

Also

e > 2(00)a(0a) € D [ > x(aa,.‘)a(aa,.‘)].

i€xg,(i,7)of 2" L) (i,79)of 2’

Now in the (%, 7) of /" we have j >#;s0 that [ «, 5 or 27 @(04;%) ]%(0:) € U/2°.
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By convexity, D ¢, i of 3 x(0:)a(oa;) € U/2% and hence Z'' ), U/2ic U.
Finally if v 2»’, '
> x2(ei)alef) — J(x, S)c2U + U + Uc4U.
COROLLARY 2.4. If Ja,(x, 0) and J a,(x, 0) are unconditionally summable to

J (x, o) with respect to Uy and U respectively, then J s, .a,(x, o) is unconditionally
summable to J (x, o) with respect to both 4U, and 4U,.

3. Basic properties of the integral. A set function y(¢) on S to X will be
said to be absolutely continuous if for every U & U there exists a §y >0 such
that if a(s) < év then y(o) ¢ U. Absolute continuity is clearly relative to a(c).

. TrEOREM 3.1. If 2(0) is U-integrable, then [ xda is absolutely continuous.
Since (o) is U-integrable, it follows from Theorem 2.2 that to each U £ U
there corresponds a Ay and 7y such that ||3,ya(o-0:)a(o-0:) —J (2, 0)||v <1/2
forallo eS. As [|x(s:)||u < there exists a 8y >0 for which if a(s) <y then
|#(e)a(o)||v<1/2¢41 (i & 7p). But then ||X.y2(c-0)a(o-0:)||v<1/2 and
hence if only a(s) < év,

|7 (, a)”u < || X #(o-odalo ;) — J(x, o)

TU

> #(o-0)alo-o:)

LR/

|+
v

<1
v

THEOREM 3.2. If x(0) is U-integrable, then [,xda is additive.

It follows from Theorem 2.2 that to each U ¢ U there corresponds a
Ay=(0;) and 7y such that if 7 2y, then || X_.a(o - 0.)a(o-0:) —J (x, 0)||v <1/10
for all 0 eS. Suppose ¢°=¢'+0? and ¢'-02=0. The subdivision (¢)
={(¢'-¢}), (02-0;)} of o is greater than (=) the subdivision (¢° ;) of o°.
Hence by Theorem 2.3 there exists 7, such that if 7 =7, then

| <o
w

When we combine these statements, taking 7 =, sufficiently large so that

among the sets ¢ (i e m) are the sets (¢!-¢;) and (02 o) for i & 7y, we obtain

|7 (x, o¥) + J(x, o?) — J(x, o9

=2

k=0

2 w(@®)a(a?) — J(=, o0

ks

J(x,0%) — > x(c* 00)a(c* o)

L

U
2

+ X

k=1

Therefore J(x, 0% =J (x, o*) +J (x, o?).

|
2 [w(a* 0)a(o* 69) — w(o* 0)a(o* o0)] ”U <1

L
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THEOREM 3.3. If x(0) is U-integrable, then [,xda is completely additive and
Z,« Sexda is unconditionally convergent.

Let {o:} be a sequence of disjoint sets of S . Since >_a(s;) < o, Theorems
3.1 and 3.2 imply lim, ||[5exda—> ., [s%dal|y=0. As the same considera-
tions hold for any subsequence of {s.}, the sum is by definition uncondition-
ally convergent.

THEOREM 3.4. If x(0) and y(o) are U-integrable and m is a real number,
then m-x(0c) and x(c)+y(c) are U-integrable, mJ(x, o)=J(mx, o), and
J(x+y’ 0') =J(x: (T)+j(y7 ‘7)'

The conclusion about m-x(¢) follows from the fact that when Ja(x, o) is
unconditionally summable with respect to U to the value J(x, o), then
Ja(mx, o) is unconditionally summable to mJ(x, o) with respect to mU.
Finally if Ja,(x, ¢) and J4,(x, ¢) are unconditionally summable with respect
to U to the values J(x, ¢) and J(y, o) respectively, then Ja(x+y, o) where
A 2 A;- A, is unconditionally summable to J(x, ¢) +J (y, o) with respect to 8U
by Theorem 2.3.

4. The integral in a complete space. The conditions for integrability can
be relaxed when X satisfies a certain type of completeness property. It is
convenient to define this property by means of the general limit notion of
E. H. Moore and H. L. Smith [10, p. 103] on a class D with a relation R
on DD which is transitive and compositive. Each element of D will represent
a unique subdivision A of .S and neighborhood U ¢ U, and will be designated
by AU. We define A,U; R AU, to mean A;=A,; and U, c U,. A sequence
%, ¢ X will be called a fundamental sequence if for each U ¢ U there is an Ny
such that if m, n = Ny then (x, —x») € U. X will be said to be sequentially com-
plete if every fundamental sequence is convergent. X will be said to be com-
plete with respect to D if every “fundamental D-sequence,” x(AU) ¢ X (that
is, every sequence such that for each U ¢ U thereis a AU such that A;,U; RAU
(=1, 2) implies [x(AU1) —x(A:Us)] € U) is “convergent” (that is, an x ¢ X
exists such that for each U ¢ U there is a AU such that A,U; R AU implies
[x(AUL) —x] e U).

THEOREM 4.1. If X is complete with respect to D and x(o) has the property
that for every U & U there exists a Ay such that J (x, S) is unconditionally sum-
mable with respect to U, then x(c) is U-integrable.

By hypothesis there exists Ay and my such that if =;=#y then

> x(o)ales) — 2 x(as)a(os) , < 1.

T2
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Let us designate by Fav(x, ) some one element of the set D x(c-0:)a(0-0).
Theorem 2.2 implies that ||>-.x(c-0:)a(o-0:) — Fav(®, 0)||lv<3 forallo ¢§ if
7 =my. By Theorem 2.3, if A;=(0.:7) 2 Ay, then there exists ; such that for
w27, |2 -(0-0i)alo-0:) — Fav(x, 0)||v <12. Finally when A;U; R AU, we
have

> x(o-0d)alo i) — Fau,(x, o)

L3

U

<1
U,

Z x(o-0f)alo-07) — Fau;(x,0)

L

é ’

if only w=wy; Combining these statements gives the result that for
A;U;RAU (=1, 2),

“?AIUI(x) o) — Faw,(%, U)”U = Z ”7A,~Uj(x, o) + Fav(x, O')HU < 2-13 = 26.

Completeness with respect to D then implies the existence of J (x, ¢) for which
if U ¢ U there exists a Ay and my such that if # =wy, then

”J(x, o) — 2 x(o-oi)alo- o)

Ls

<1+ |[Fav (5,0) = T (2, 0)||w < 14 26 = 27.
U

Lemwma 4.2. If X is sequentially complete and satisfies the first countability
axiom, then X is complete with respect to D.

Let {U,} where U,> U, be a complete neighborhood system of 6. If
x(AU) is a fundamental D-sequence, then for each U ¢ U there exists a
AyU ¢ D such that A;U; R AU (i=1, 2) implies ||#(AU1) —x(8:U)||v < 1.
If we define A, =]]{_,Av,, then k= implies AUy, R Ay, Us; R Ay, U, and
|2(As,Us) — (A, Us,)|lv. <1. As X is sequentially complete, there exists
xo=lim, x(A,U.,). Now given U ¢ U, there exists U,,c U. Let A'=Ay-A,,.
Then

l[#0 = 2@oD)lv = (|20 = 2BagUnllz + [[#(8nUng) — 2(8"Un|v,
+ ||#(a"Un) — 2(A0U)||v < 3.
CorOLLARY 4.3. If X is sequentially complete and satisfies the first counta-
bility axiom, and if x(a) has the property that for every U & U there exists a Ay

such that Jay(x, S) is unconditionally summable with respect to U, then x(c)
s U-integrable.

This is an immediate consequence of Theorem 4.1 and Lemma 4.2.
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5. The continuous transform of an integrable function. Let X and ¥ be
linear topological spaces with the convex neighborhood systems U and U of
their respective null elements. The following theorem can then be proved:

THEOREM 5.1. If T is a linear continuous transformation on X to Y and if
x(0) is U-integrable, then T [x(c)] is U-integrable and J(T[x], o) =T[J(x, o) ].

Since T is continuous, for every V e O there exists a U ¢ U such that
T(U)ecV. The U-integrability of x(s) implies the existence of J(x, o),
Ay, my such that if ===y then D_,x(c 0))a(oc-0;) —J(x, ¢) € U. Hence for
r=my we have D .T|[x(c-0.)]a(c-0;)—T[J(x, ¢)]cV. It follows that
T[x(s)] is U-integrable and that J(T[x], o) =T [J(x, 0)].

COROLLARY 5.2. If % is a linear continuous operation on X and if x(v) is
U-integrable, then x[x(c)] is Lebesgue integrable and z[J (%, ¢) | = [,%[x]dec.

In this case Y is the space of real numbers. For real-valued functions our
integral reduces to Fréchet’s interpretation of the Lebesgue integral (11). The
corollary then follows from Theorem 5.1.

If x(s) is a multiple-valued point function on S to X and if the set func-
tion x(¢) = [#(s)| s € ¢] is U-integrable to the value J(x, ¢), then we will say
that x(s) is U-integrable to the value J(x, o). Further a set of linear continu-
ous operations I' on X will be said to be fotal if when #(x) =0 for all £ ¢ I, then
x=0[6,p.42].

THEOREM 5.3. If the set of linear continuous operations on X contains a
denumerable subset which is total and if x(s) and y(s) are integrable to the same
values on S , then x(s) =y(s) a.e.

Let {%.} be a total denumerable subset of linear continuous opera-
tions on X. Then for all ¢ ¢S, [,&. [(s) —y(s) ]|da =0 by Corollary 5.2. Hence
%, [2(s) —y(s)] =0 on S —o, where a(s,) =0. Therefore %,[x(s) —y(s)]=0 on
S—0ao=S— 0 for all n, and a(s0) =0. As {z.} is total, 2(s) =y(s) on S —ay,
which proves the theorem.

The conjugate space X to a Banach space X has been defined by Dunford
to be a fundamentally separable space with a determining manifold I' in
case T is a separable linear manifold in X such that for every x ¢ X, we have
Lub. [|#(x)||# e T, ||&| =1]=||«|| [2, p. 310]. It is clear that if X is a Banach
space with its weak neighborhood topology or even its norm topology (see §1)
and X is a fundamentally separable space, then the set of linear continuous
operations on X contains a denumerable subset which is total. Theorem 5.3
is therefore applicable to such spaces.

6. Convergence of integrable functions. We prove first the following
theorem.
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THEOREM 6.1. If .(c) are U-integrable and if, for all o €S, { [x.da} is a
fundamental sequence, then the integrals are equi-absolutely continuous.

The argument of Saks (12) is applicable here. With the distance function
(01,02) =a(o1402 —01 - 02) the family of setsS becomes a complete metric space.
Let F..(0) = [ox.daandS ,= [0 ¢ S such that [|[F.(c) — Fu(o)||v<e/3, m, n2=q].
Since F.(o) is absolutely continuous by Theorem 3.1, the sets S, are closed.
Also § =) 'S ,. Hence by the Baire category theorem there exists an integer
go and a sphere K (o0, 7) €S 4,. Let 8 <7 be such that || F,,(0)||v <e/3 if (o) <.
Then for all ¢ such that a(s) <8<7, o1=0+(co—0) and gz =0—0c are in
K(oo, 7) so that for m, n=q,,

”Fn(d) m(U)”U “F (01) - m(Ul)”U + ||F (02) - m(¢72)”U 28/3

Therefore | F,(0)||v <e if a(s) <6 and n=g,.

The integrable functions dealt with in the remainder of the paper will be
single-valued point functions on § to X. As previously stated the integra-
bility of x(s) depends directly upon the integrability of the set function
x(c) = [2(s)| s £ 0], and the integral of x(s) is defined to be that of x(c).

We would like to extend to X the notion of approximate convergence in-
troduced by Dunford [2, p. 343]. Let o(n, e, U) = [s|||#a(s) —x(s)||u = €]. The
sequence x,(s) will be said to approach x(s) approximately on .S if for every
n, U, and ¢>0 there is a measurable set ¢’(n, e, U) >9(n, e, U) such that
lim, a[s¢’(n, e, U)]=0.

We are now in a position to prove the following result:

THEOREM 6.2. Let X be sequentially complete, let x.(s) be U-integrable, and
let x,(s)—>x(s) approximately. Then the following statements are equivalent:
(1) x(s) 35 U-integrable and

lim f Xpdo = f xda
uniformly in o.

(2) lim, [,x.de exists for every o €S .

(3) [oxadex are equi-absolutely continuous.

That (1) implies (2) is obvious, while Theorem 6.1 proves that (2) implies
(3). There remains only the proof that (3) implies (1). For this purpose we
demonstrate

LEMMA 6.3. If x(s) is U-integrable and||x(s)||v S e,a.e., then || [oxde]| v < ea (o).

For given n and U there exist A,y and 7,y such that |3, Ux(a ci)a(o a;)
—J(x,0)|lv <n where A,y = (¢;) and o1 = [s| [|(s)||o > ¢]. But
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> x(o-o)alo- o)

U

‘ <> |Ix(a’a;)|lya(a~a,~) = eals).
U ry

Hence ||/ (x, ¢)||v < ea(s) +n where 7 is arbitrarily small.

To continue the proof of the theorem, we will first show that lim, [.x.da
exists uniformly in ¢. By hypothesis, given U and ¢ >0 there exists dy. such
that if a(0) <du., then ||[,x.dal|v <e, and further, given U and >0 there
exists Ny; such that if #= Ny, then a[o’(n, 8, U)] <§. Let §; be the smaller
of ¢ and &y,. Then for m, n=Nys;, we have ||x.(s) —%xn(s)||v <28; on
S—a'(n, 8o, U)—a'(m, 8, U). If 0pm=0"(n, 8o, U)+3d’(m, 8, U), then using
Lemma 6.3,

|

f [%.(5) — %m(s)]da

= H f [32(5) = %09 }dar ||

—%nm

+ < 260(S) + 2e = (2a(S) + 2)e.

U

f [#a(5) — %m(s) ]dex

This together with the fact that X is sequentially complete implies that
lim, [.x.da exists uniformly in o.

Given UeU,let us select a subsequence, which for notational convenience we
will designate as {x.(s)}, having the properties: (1) || f;x.da—lim, fox.de||v
<1/2nforallo ¢S, and (2) |#.(s) —#(s)||v <1/(27a(S)) on S —7,,, where 7, ¢S,
T D Tat1, and a(r,) <1/27. Relation (2) is a consequence of approximate con-
vergence. We will now show that x(s) is U-integrable to the value
J(o) =lim, [,x.da. As x.(s) is integrable, there exists a A, and a =, such
that if # =7, then

where A, = (s,7). Hence forc € S—7, and =7,

E Za(o-af)alo o) — J(xn, o)

kg

1
<._
v 2"

> x(o-op)-alo o) — J(o)

ks

=< lLu.b. [

U sigo-ai®

2 wa(sdalo o) — J (%, 0)

L

2 [a(s) — xa(si)]a(o- o)

U

+

|7 o) — J(G)“v]
(1) Y
< Lub. [ S l#(ss) — #a(si)|lvalo- o) + 172 + 1/2~]

s;g00”
< alo) 1 < 1 ‘
27a(S) | 2nt T 2n
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Statement (3) postulates for a given U, a 8y >0 such that if a(s) <éy
then || f.da||v <1/2% for all #. We now choose 7,>5 such that a(r,,) <év.
Let 6;* =0 (Ta_1—7») for . >noand let A be the subdivision (¢x") of 7,,. Then
for any finite set mi, ki, |2 2n#(51:")a(5:)||w <1/2. This can be demon-
strated as follows: By the inequality (1), if #=m,, then

1
2 [#G@e)aEr) — s@r)alae)]|| <
x v 2n—3
and a fortiori
n; ng LT T 1
2 [#(Gr)a(er) — 2(Gr)alEr)] —
ni=n U 2" 3
Therefore
z ni .21 _ng _ng 1
(2) l > [x(arnalar) — 2(Gr)alGr)] H < <.
i=1 ly  2m—3 — 23

Let I be the greater of n; (=1, 2,- - -, p). Clearly there exists =’ =, for
which

i l ny n;g. ng 1
Z alo 'Gk:) - a(&k:)] x(e :) I < —
“ [ ter ! g U 23?
whenever 7 =7’. Hence if 727/,
P 1l _ng 1 _n; _ng _ng
S stol statel st | - stataaly}
=1 terw
Ld 1 _n; 1 _ng 2 _ni 1 _ng
c Z[ Z x(at'aki)a(at'dki)] - Z[ Z x(o'k.')a(o't'ak.‘)]
=1 terx =1 terw

+ 2 s Zatolal) - alel) ]

terx

- S latelal = a6 atol a1

i=1 ter

4 ; x(;:gj[ > alol 5 — a<a’,::?>]

tenx

Ld ng ng ni 1
c > cvx [{x(5r) — x(5x) Ja(Gr)] + 2 U

i=1

1 1 1
C;U"';UCEU.
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The next to last inclusion follows because the inequality (2) holds for all
subsetsof (1,2, - - -, ). Finally since the subdivision { (¢;*-5:,%),5=1, - - -, p}
of 6o=2_7_,5x™ is a repartition of the subdivision (¢y-¢;%), the inequality (1)
and Theorem 2.3 imply the existence of 7’/ ==’ such that

2 ng _nj
@ | 700 = £{ S et atdatotatd | <55
=1 \tenxn’’ v 21 2
As ||J(o0)]|Ju <1/23, we have, after combining (3) and (4),
2 _ng _n 1 1 1 1
L #Ge) | <t s o

We define a subdivision Ay= (s) of S to be the sets of {a;"(S—7,,)} and
of A. Let m, be the ,, terms of {¢;- (S—7,,)}. Then if = =, we have

| > x(o)ale) — J(S) [Ug > x(o)ales) — J(S — 7ay) I‘U + [T (rap)llw
+] Z stoaten |
1 1 1
< +—+—<1.
2m0 23 2

%(s) is therefore integrable to J(S). Clearly what has been shown for S could
similarly be shown for any o eS.
We state the following theorem without proof:

THEOREM 6.4. If x,(s) are U-integrable (n=0, 1, - - - ) and if x.(s)—x4(s)
approximately, then the following are equivalent:

(1) lim, [,x.da= [ xda exists uniformly in o.

(2) [foxoda are uniformly absolutely continuous.

In the next theorem it is convenient to consider a pseudo-norm for the
U-integrable functions defined as ||J (x)||lv =1.u.b., ¢ 5|/ (%, o) v-

THEOREM 6.5. If X is sequentially complete, x(s) U-integrable, and ¢(s)
real-valued, measurable, and bounded by M, then y(s) =¢(s)x(s) is U-integrable
and ||7 ()0 =2M|[7 @)|o

Let ¢.(s) be a step function with the property that |¢.(s) —¢(s)| <1/x.
As x(s) is ‘U-integrable, there exists for a given U ¢ U a Ay=(0:) such that
Ja,(x, S) is unconditionally summable with respect to U. Hence for every &,
||z(s)||o will be bounded on 7.= r_,0: so that ||(¢.(s) —¢(s))x(s)||v <e for
sufficiently large #» on 7. Therefore ¢.(s)x(s)—y(s) approximately. Suppose
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#n(s) =c;" on ¢;*. Then by a lemma due to Dunford [2, p. 313]

} f ¢'nxnda

U

Na
doen xdo
1 -0

(1)

IIA

U
xda wg(l,z,m,Nn)J

2M -lu.b. l:

2 :

ZM-l.u.b.[‘.f xda 0’*88].

The absolute continuity of [,xdo (Theorem 3.1) thus implies the equi-abso-
lute continuity of the integrals [,¢.xde. By Theorem 6.2, y(s) is U-integrable
and [,yda=lim, [,¢p.xda. The remaining part of the theorem results immedi-
ately from (1).

7. Instances of the U-integral. A further insight into the nature of the
U-integral can be gained by displaying some familiar integrals as representa-
tions of the U-integral. We will first consider a very general theorem of this
nature. To this end it will be recalled that in Theorem 1.1 we have shown
that to every U ¢ U there corresponds a set of linear continuous operations
and a range Ty such that U=[x|x ¢ X, | #(x)| <1 for every ¢ ¢ Ty]. Fur-
ther, since the relation = on the set of subdivisions A is transitive and com-
positive, the general limit of E. H. Moore and H. L. Smith [10, p. 103] is
applicable to this range.

IIA

U

THEOREM 7.1. x2(s) is U-integrable if and only if for every U e U,
limy > 2 & [2(0-0:) Jalo-0:) =2,[J(x, o)] wuniformly in te Ty and the
D> Ei|x(o-0.) Ja(o-0:) are absolutely convergent uniformly in t e Ty.

The statement that for every U and ¢ there exist Ay, and 7y, such that if
72wy, then ||X.#(0-0:)a(o ) —J (x, 0)||s <1 is equivalent by Theorems 1.1
and 2.3 to the statement that for every U and ¢ there exists Ay, such that if
A=Ay, there is a 7a such that if 7 =7, then

> @20 0) ]alo-0:) — #[J(x, 0)]| < 1

L

forallte Ty.

CoroLrarY 7.2. If X is a Banach space with the weak neighborhood topol-
ogy defined by all finite sets of elements in the adjoint space (that is, if
U=[x|xe X, |#(x)| <1,t=1, - - -, n]), then the U-integral is the integral de-
fined by Pettis [4,p. 280].

Each z, element of the adjoint space, will clearly be continuous in the
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weak topology and hence by Corollary 5.2 #[J (%, 0) | = [o&[x(s) ]de for every
o ¢S . Conversely, if the latter is true, then by Theorem 7.1, the U-integral ex-
ists and is equal to the Pettis integral.

Dunford [2, p. 338] has considered a more general type of integral defined
as follows: Let X be a closed linear manifold contained in 7, the adjoint space
to a Banach space Y. Then a function y(s) on S to ¥ which has the property
that x[y(s) ] is summable for every x ¢ X defines uniquely an element in X ac-
cording to the equation

7[x] = f 2[5(s) lder.

%, is the Dunford integral of y(s) over o. However each y £ ¥ corresponds to a
unique element # ¢ X through the correspondence (x) =x(y) for all x ¢ X. The
Dunford integral is unchanged when we replace the integrand y(s) on Sto ¥
by its correspondent #(s) on S to X (that is, [,x[y(s) |[da= [,i(s) [x]da for all
x ¢ X). If we make this replacement, we can prove by an argument similar to
that used in Corollary 7.2 the following:

CoroLLARY 7.3. If X is adjoint to a Banach space X with the weak topology
on X defined by all finite sets of elements of X, then the U-integral of a function
to X is the integral defined by Dunford.

THEOREM 7.4. If X is a Banach space and U its norm topology, then the
U-integral is the integral defined by Birkhoff.

If x(s) is Birkhoff integrable, then given e >0 and o ¢S there exists A, and
J(x, o) such that J4,(x, ¢) is unconditionally convergent* to elements in an
e-sphere about J(x, o). It is a fortiori unconditionally summable to J(x, o)
with respect to an e-sphere and hence U-integrable to J(x, o). Conversely,
suppose x(s) is U-integrable. Then given e/2", there exists A,=(¢:"), where
An412A,, and T, such that if =, then ||X.x(0i)a(o) —J(x, S)| <e/2"
(n=0,1,---).If N, is the greater of the integers in m,, then m, 3, =N, im-
plies that ||>"x(c")a(em) —J (x, S)|| <e/2" and ||2_2.2(cu™)e(ow™)|| <2¢/27
(n=0,1, - - - ).Let P, be the greater of N, and M, where > ;> y a(o:") <1/2".
We define a sequence of sets o1, 03, - -+, 0n, - - - as follows: o1 =0,". Suppose o
is of A,. Then g4, is the set of lowest subscript of A, which is disjoint from any
of the previously chosen sets unless all such sets have subscripts greater than
P,. In thelatter case,R, =k and g1, is the set of lowest subscript of A,,; which
is disjoint from any of the previously chosen sets. B (o) Za(S)—1/2m.

* If X is sequentially complete, then_ B; where B;C X is said to be unconditionally convergent
if given U ¢ U there exists Ny such that if 4, = Ny then ”Z:-IB%”U<1~
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Hence A= (g;) is a subdivision of .S. Now since A = A,, there exists by Theorem
2.3 an N, such that |3 fx(c:)a(o:) —J (x, S)|| <4e if only #=N,. Finally by
our choice of {A,}, if >R, then o, is a subset of some o, (= N,). Hence
there exists = such that =-(1, - - -, N,)=0 and

P

2 #(oi)alos)

k=1

=

5 ovx [ator)ater) + 0]

e
< Lub. [ |1r' =< 1r:|§ Py .

Ja(x, S) is therefore unconditionally convergent to elements in an e-sphere
about J(x, S) and consequently x(s) is Birkhoff integrable.

In §10 we demonstrate that the Birkhoff integral is distinct from the Pettis
integral which in turn is distinct from the Dunford integral. Hence if we
limit ourselves to Banach spaces on which we impose all possible convex
neighborhood topologies which lie, say, in strength* between the norm topol-
ogy and the usual weak topology, the corresponding ranges of integrable func-
tions lie between the Birkhoff range and the Pettis range.

8. Differentiation. In the study of differentiation we wish to limit our at-
tention to the subclass of U-integrable functions on S=(0, 1) to X defined
as follows: x(s) will be said to be U’-integrable if

(1) z(s) is V-integrable.

(2) There exists a sequence of step functionst {x.(s)} such that
||2a(5) —2(s)||v—0 a.e. for each U & V.

(3) ||#(s)||v is summable for each U ¢ V.

If X is a Banach space, then the U’-integral is the Bochner integral [13].
On the other hand, if S is a Banach space with the usual weak neighborhood
topology, then the ‘U’-integral is the Pettis integral [4]. This is easily seen
from Corollary 7.2 and by writing x.(s) = fr,"x(s)ds/ |I:»| if s ¢ I,» where
I7=((:—1)/n, i/n). Thus a peculiarity of this weak neighborhood topology
is that the classes of U- and U’-integrable functions on (0, 1) to X are the
same (see Corollary 7.2).

We define a function x(/) on intervals of (0, 1) to X to be of bounded
variation] if for every U & U there exists an My such that for every finite set
of disjoint intervals I, - - -, I, > i,||2(Z:)||v < Myu. The function x(I) will

Z; (o )a(ol)

* U is said to be weaker than () if whenever x,—x in () then x,—x in U.

t A function on (0, 1) to X will be called a step function if and only if it is single-valued on each
of a finite number of disjoint intervals whose sum is (0, 1).

1 This is a generalization of the two notions of strong and weak bounded variation which have
previously been introduced (see [3]).



132 R. S. PHILLIPS [January

be said to be pseudo-differentiable* if there exists a y(s) on (0, 1) to X such
that for every U £ U, a.e.

x(I)

— — 5(s)

=0
| 1]

U

lim
11j—0

where I is an arbitrary interval containing s. The function y(s) is the psexdo-
derivative of x(I).

THEOREM 8.1. A necessary and sufficient condition that a single-valued, ad-
ditive, absolutely corgti;zuous function x(c) on measurable sets in (0, 1) to X be
pseudo-differentiable and of bounded variation is that the function x(s) be a
V’-integral. x(o) is then the V’-integral of its pseudo-derivative.

Proof of the necessity. Let x,(s)=x(Z*)/|I| on I;»=(i/2", (i+1)/2")
(¢=0,1, - - -, 2»—1). Then by the definition of the pseudo-derivative there
exists a y(s) for which ||z.(s) —y(s)||o—0 a.e. Since ||x,(s)||s is measurable and
|2.(8)||[o—||¥($)||v a.e., it follows that ||y(s)||v is measurable. As %(c) is of
bounded variation, [,||2.(s)||vds < My. Therefore by Fatou’s lemma, ||y(s)||v
will be summable. It remains only to show that y(s) is U-integrable to the
value x(s). Now given ¢>0 and U ¢ U, there exists 8,y >0 such that if
|o| <8.v then [,||y(s)||vds <e/8. Further, since ||#.(s) —y(5)||v =1imm - || #a(s)
—%n(5)||v a.e. and is thus measurable, there exists o,y such that ||.(s) —y(s)||v
—0 uniformly on (0, 1) —e.v =7 and || <8.u. Let # be chosen so that
|22 (s) —9(s)||v <e/4 for s e 7.v. If 0; (i=1, - -, N) are the sets on which
x,(s) is constant in 7.y, then

| N N
PIRICEDE ‘ ooi| — 2 w00 | oroi

i=1 =1

<e/4.
v

Finally let 0; =N +1, - - - ) be a subdivision of ¢, for which

Syl oil = [ lI3@lloas

N+1 U

=< ¢/8.

Then for 2, >N,

4 0
sl ol [eonl s S lstels] o
U k=1 N+1

Y4
> y(o-0) | o0y

k=1

<e/8+ f |9(s)lwds < e/4.

* Pettis has used this definition of pseudo-differentiability for a weak neighborhood topology on
a Banach space.
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ForA=(c;) and m;=(1,2, - -, N) we have

<e.
U

(1)

> y(o-03) I a'¢7,~| — > y(or ) l a'a,-l

Now by Theorem 1.1 there exist linear continuous operations #; on X such
that U=[x|x ¢ X, | #.(x)| <1 for every ¢ & Ty]. Our hypothesis clearly im-
plies #[x(0)]= /o2 [y(s)]ds.* There will therefore exist a subdivision
A= (0;*) 2A for which

2 &y o)) [ o0t | — z[a(0)]]| <e.

1

By (1)if J (o) is some elementof ), &:[y(c-0:)]|o-o:| where mo=(1,2, - - -, N),
then | %[> .y(c-0:)|o-0:| ]—J(0)| <efor = Zmo. Theorem 2.3 then implies

Z Z[y(o-0it)] | gt l — Jio) | < 4e

1

and hence | J,(¢) —#,[#(c) ]| <Se. Therefore for = =,

x[ % 5(o-) | 0s| - x@)]l < 6o

for every ¢ € Ty or, what amounts to the same thing,

2y 0) | o ai| — x(o) U< 6e.

¥(s) is thus integrable to the value x().
Proof of the sufficiency. We will first prove a lemma.

LemuMa 8.2. If x(s) is U-integrable and ||x(s)||v is integrable for a given
U e, then || foxda||v < fo||x(s)||vde.

Given ¢>0, there will be a A, and =, such that

> #(o-o)alo o) — J(x, o)

e

E ||x(o'-a;)

<e/2,
v

< ef2.

la(o-00) — f ()| vde

* If x(0) defined only on intervals is additive, absolutely continuous, of bounded variation, and
has a pseudo-derivative, then this statement and the rest of the necessity remains valid for integrals
on intervals. If X is in addition complete with respect to D, the integral can be extended on all meas-
urable sets. )
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Since we have |3, 2(c-0.)a(0-0.)||v <X /|x(0-0))||valo-0:), it follows that
|7 (x, 0)|| < [o||%(s)||vda+e where the e is arbitrary.

“The proof of the sufficiency is now essentially an argument used by Boch-
ner [13, pp. 269-270]. As y(s) is ‘U’-integrable, there will exist a sequence

x.¥(s) of step functions such that ||2.*(s) —y(s)||y—0 a.e. Define x.(s) =x.*(s)
1f lX$)|lo = |ly@)||u+1, 2a(s)=0 otherwise. Then 12 (5) —=3(5)||v—0 a.e.;
[|#4(s) —y(s)||v is bounded by the summable function (2||y(s)||z+1); and
[|2a(s) —9(s)||v is measurable since [z.(s)—y(s)||v=1limm ||2a(s) —2m(s)| -
Hence making use of the lemma,

}lj:[xn(s) — y(s)]ds Ué

[1lz46) = y0lods.

Finally [,x,(s)ds has a pseudo-derivative because x,(s) assumes only a finite
set of values. Therefore

|/1y(s)ds fz” ¥(s) — xn(s)“Uds

li - < I
IIllTo | 1] ye) v Illlrilo | 7]
a(8)d.
+ lim (s x,.(s)” + [|#a(s) = y@)llo
o |l | 1] v

= 2”x,,(s) — y(s)HU a.e.

As lim, ||#.(s) —9(s)|[s =0 a.e., ¥(s) is the pseudo-derivative of x(s). Bounded
variation follows from the lemma.

This theorem has previously been proved for the special cases where X
is a Banach space [14, p. 410, footnote] and where X is a Banach space with
its weak neighborhood topology [4, p. 300].

We may generalize the notion of derivative in another way: namely, a
function x(I) on intervals of (0, 1) to X is said to be differentiable at a point
s if y(s) e X exists such that for every U

x(I)

i
17

[1]—-0

(S)

where I is an arbitrary interval containing s. y(s) is called the derivative of
x(I) at s. The vanishing of the limit is here independent of the choice of U.
This kind of derivative does not seem to lend itself to a theorem analogous to
Theorem 8.1. One should expect the integral of a well behaved integrand to
have a derivative a.e. However in Example 10.9 we exhibit an additive,
absolutely continuous function on measurable sets of (0, 1) to a Hilbert space
with its weak neighborhood topology which is pseudo-differentiable and of
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bounded variation but not differentiable a.e. On the other hand its pseudo-
derivative is both U’-integrable and the limit in the norm sense of a sequence
of step functions.

Pettis [23] has treated in detail the case x(I) of bounded variation in
the norm topology on a Banach space. In some special cases we have been
able to demonstrate a few propositions about the derivative in a weak neigh-
borhood topology. Theorem 5.1 of Pettis’ paper is similar to Theorem 8.4 be-
low.

In the remainder of this section X; will designate a Banach space and X
the space X; with its weak neighborhood topology defined by all finite sets of
linear limited operations on X;.

x(I) will be said to satisfy the weak Lipschitz condition (w.L.) if a.e. on
(0, 1) the norm of x(I)/|I| is not infinite (that is, ||x(Z)/|I||| <) for all
intervals containing s ¢ (0, 1).

THEOREM 8.3. If x(I) on intervals to X is differentiable a.e., then it satisfies
w.L.

As the neighborhoods of X are defined by all finite sets of elements of X,
adjoint to X;, we have a.e. lim .o 2[x(I)/|I|] exists and a fortiori
|&[x(I)/|I]]| < for arbitrary Ios and all % e X1. The theorem is then
an immediate consequence of a theorem due to Dunford on uniform bound-
edness [2, p. 308, Theorem 2]. In this case the abstract set is the set of all
intervals containing a point s at which the derivative exists.

THEOREM 8.4. If X is sequentially complete with X separable or if X, is
regular and if x(I) on intervals to X is of bounded variation, then a necessary
and sufficient condition that x(I) be differentiable a.e. is that x(I) satisfy w.L.

The necessity has been proved in Theorem 8.3. For the sufficiency argu-
ment we first suppose X; to be separable and obtain a sequence {#,} dense
in Xi. Since #,[2(I)] is of bounded variation, lim .o &,[x(7)]/|I| exists on
a set o, of measure one. W.L. implies the existence of a function L(s) such
that z[x(I)]/|I| <L(s)||z]| on a set ¢’ of measure one. Therefore
lim 7.0 £,[2(I)]/|I| exists uniformly in p on a set do=0'-]Jo, of measure
one. It follows that lims.o #[#(I)]/|I| exists on o, for all % ¢ X1. As X is
sequentially complete, the derivative likewise exists on oo. If X; is regular
and separable, then X, is likewise separable. There remains only the case for
which X, is a nonseparable regular Banach space. But here the above argu-
ment suffices because (1) x(/) ig contained in a separable closed linear sub-
space of X; and (2) every closed linear subspace of X, is regular [15, p. 423,
Theorem 3]. (1) is a consequence of the following lemma:
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LemMa 8.5. If 2(s) on (0, 1) to a sequentially complete space X is of bounded
variation, then x(s) can have at most a denumerable number of points of discon-
tinuity relative to the norm.

Suppose the contrary to be true. Then there exists a positive number e
and a denumerable set of points at which the norm variation of x(s) is greater
than e. We can then find a denumerable sequence of pairs of points with the
property that ||#(s) —x(s.2)|| >e and s} <s5.2 <5441 (or 5,2 >5.2>s5.4.). Let
ya=2%(s:) —x(s.2). Since x(s) is of bounded variation, > .| #[y.]| < for
every % ¢ X1. The sequential completeness of X implies that every subseries of
D .y is convergent in X. By a theorem due to Orlicz and Banach [4, pp. 281~
282, Theorem 2.32], > v, is unconditionally convergent in X; and hence
|| ¥4/l —0, which is contrary to our choice of y,’s.

Returning to the theorem, it is clear from the lemma that x(s) = 2(Z*) has
only a denumerable set of points of discontinuity relative to the norm and
hence all of its values can be found as limits of a denumerable set of values
(again in the sense of the norm). () is therefore contained in the separable
linear closed subspace of X; determined by this denumerable set of values of
%(s). This completes the proof of Theorem 8.4.

COROLLARY 8.6. If X is sequentially complete with X, separable or if X, is
regular, and if x(I) is additive, absolutely continuous, of bounded variation, and
of w.L., then x(I) is an integral.

This follows from Theorem 8.4 and a theorem due to Pettis [4, pp. 300—
301].

In the final theorem of this section we suppose X; to be a Banach space
with a base {x;} [6, p. 110] which satisfies the following postulate:

(M) If @i, as, --- is any sequence of real numbers such that
Lub.. |2 %ax]| <, thend ¢ ax; converges.

By redefining the norm we can consider instead of X; a space isomorphic
[6, p. 180] to X, satisfying in addition to (M) the property

n n+1
(N) ‘ Z a;x; || < Z a;%;
1 1
for any constants a,, as, - - - [16, pp. 415-416]. The spaces I, (p=1) and L,

(p>1) satisfy (M) [16, p. 419].

THEOREM 8.7. If x(I) is an additive, absolutely continuous function satisfy-
ing w.L. on intervals of (0, 1) to X where X, satisfies (M) and (N), then x(I) is
pseudo-differentiable and is the integral of its pseudo-derivative on intervals.

Now x(I) =2y a:;(I)x; where a;(I) = &[x(I)] and hence are additive abso-
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lutely continuous functions of intervals with summable derivatives a/ (s) a.e.
As x(I) satisfies w.L.,

SO E)
gmwz = |I|H§L,a.e.

so that ||X_7a! (s)x| <L, a.e. By property (M) y(s) =2 1 a! (s)x; exists a.e.
Let x,(I) =>_7[f1a! (s)ds]x:. Then ||x(Z)|| = ||#.(I)|| implies that the x,(I) are
uniformly absolutely continuous. Hence

&[x(I)] = lim £[%.(I)] = lim fl: i a,-’(s)a‘c(x.-)] ds

- fz[ 2?: a‘/(s)’Z(x")] ds = fI #[y(s)]ds.

This is equivalent to the desired conclusions.

9. An application to differential equations. We consider in this section an
existence theorem for ordinary differential equations in X similar to a real
variable theorem due to Carathéodory [17, p. 672].* We limit ourselves to
linear convex topological spaces which are sequentially complete and satisfy
the first countability axiom. Garrett Birkhoff [17] has shown that such a
space has a group metric. X is therefore an F-space [6, p. 34] with a convex
neighborhood topology. We will describe the topology by both a metric and
the convex neighborhoods as suits our convenience.

x(s) and ¢(x, s) will be functions on (0, 1) and the product space X X (0, 1)
respectively to X. Dx(s) will designate the pseudo-derivative of x(s). Since X
satisfies the first countability axiom, the existence of the pseudo-derivative
will imply the existence of the derivative a.e. (see §8). [.x(s)ds will be the
U’-integral. The system

(1) Dx = ¢(x, s) x(0) = xo

will be said to have a solution x(s) if and only if
x(s) = o +f o [x(2), t]ds.
0

x(s) will be called measurable if there exists a sequence of step functions
{#.(s)} such that |2.(s) —x(s)| —0 a.e. where | x—y| is the distance between
x and y. We will say that the sequence of functions {#.(s)} are equally-con-
tinuous if for every U e U there exists 8y >0 such that |s;—s:| <8y implies

* The basic ideas of this theorem were also in part suggested by T. H. Hildebrandt.
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|l(s1) —#(s5)||v <1. Finally ¢(x, s) will be said to satisfy condition (A) if it is
continuous in x for fixed s and measurable in s for fixed x«.

THEOREM 9.1. A necessary and sufficient condition that x(s) be a solution
of (1) is that (a) x(0)=x,, (b) x(I,?) =x(ss) —x(s1) be an additive, absolutely
continuous function of bounded variation on intervals of (0, 1) to X, and
(c) Dx(s) exist and be equal to ¢ [x(s), s].

This is an immediate consequence of Theorem 8.1 and the footnote on
page 133.

LemMA 9.2. If ¢(x, s) satisfies (A) and x(s) is measurable on (0, 1) to X,
then ¢[x(s), s]| is measurable.

Since x(s) is measurable, there exists a sequence of step functions {x.(s)}
such that |x.(s)—x(s)|—0 a.e. and by the continuity of ¢(x, 5) in x,
|6 [#a(5), s]—o[2(s), s]| —0 a.e. Now ¢ [#.(s), s] is clearly measurable. There
will therefore exist a double sequence of step functions {y.7(s)} such that
for every n, lim, |9.2(s) —#[x.(s), s]| =0 a.e. As the real-valued functions
| ¥.7(s) —6 [(s), s]| are measurable, there will exist the set y,7» for which
| yu?n —[24(s), s]| <1/2" except on a set of measure less than 1/2». There-
fore |ynrn—¢[2(s), s]| -0, a.e.

LemMa 9.3. If {x.(s)} on (0, 1) to X are equally continuous and compact-

valued for each s € (0, 1), then there exists a subsequence { % (s) } which converges
uniformly to a continuous function on (0, 1) to X.

The proof is similar to that of the familiar Arzelas theorem and will be
left to the reader.

LemMa 9.4. If T is a compact subset of X and M >0, then the set of all ele-
ments of the type Y a:x; where x; e T' and ) ;| a;| <M form a compact set.

Let {U,} where U, > U, be a complete neighborhood system for 8 and
let e=1/2(M +1). There will exist a sequence {7:} ¢ T and integers N, such
that for x ¢ ' there is an ; (< N,) such that ||x—74|v, <e. In the nth step
we let correspond to every « ¢ I' an n; (i <N, and ||#—74|v, <€) and then to
every > ,a;x; the element > 2"A,.n: where 4;= a; summed over all j such
that x; corresponds to 7:. Let {3 "ajx}} be a sequence of such elements and
let {>_¥A7n:} be their correspondents. Then there exists a subsequence
{r.} for which A, —4: (i=1,---, N,). Hence there will be an N,/ such
that k= NV, implies

Nn Nn Nn
D Auwmi — LA || = 2| 4% — AL lndlw, < e
1 1 1

Un
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Clearly we can apply the diagonal process and obtain a subsequence {s;} for
which |2V A%y —> VA imi||v, <eif k= N.!'. Now

Dsy,
8k 8k
a; X EAnﬂh < Me.
1 U
Therefore
Psy, o 8 Psy o s
k 8k 1 1
a; %; — a; x; < 2(M + e
1 1 Un

if only , I=N,!’. As X is sequentially complete, the sequence {> **a;*x;*}
converges to an element of X.
We are now in a position to establish the existence theorem.

THEOREM 9.5. If ¢(x, s) satisfies (A) and takes on only a compact set of
values for s € (0, 1) and x ¢ X, then the system (1) has a solution.

We first show that for any measurable function x(s), ¢[x(s), s] can
be uniformly approximated by simple functions® assuming values in
I'=[¢(x, s)|se(0, 1), xe X]. Let {U,} where U,>U,1 be a complete
neighborhood system for 8. There will exist a sequence {7} ¢ T' and integers
N, such that for x ¢ T' there is an 7; (< N,) for which ||x—7J|v,<1 (E<n).
We now define S,i=[s|s ¢ (0, 1), [|[n:—¢[2(s), s]||v. 1], oai=Sai=D j21Swi
(i=1,---, N,), and y,(s) =n: on a,%. To show that {y.(s)} is the desired
sequence we need only to demonstrate that S,.! is measurable. But this fol-
lows from the fact that ¢ [x(s), s] is approximable by step functions.

By hypothesis, I' is compact. Therefore given U & U, there will exist M (U)
such that ||T||s < M (U). Further if 2(s) is measurable, then ¢ [x(s), s] is meas-
urable, ||¢ [x(s), s]||v is summable, and hence the U-integrability of ¢ [x(s), 5]
will imply its U’-integrability.

Let x,.(s) =xo+ o6 [x. (5), s]ds where x.! (s) =x(p/n) for p/n<s<(p+1)/n
(p=0,1, - - - ,n—1). The integral of ¢ [x.! (s), s] exists by Theorem 6.2, since
¢ [x. (s), s] is uniformly approximable by simple functions whose pseudo-
norms with respect to U are bounded by M (U). Now by Lemma 8.2

len<s1>—xn<s2>llué‘ f [ (5), 5] f 62 (5), s]l|vds

2) 1
= M(U) | So — S]l.

This clearly implies

®) ' [|#a5) = 24 ()| = M(U)/m.

* A simple function on (0, 1) to X is constant on each of a finite number of disjoint measurable
sets whose sum is (0, 1).
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As above there exists a double sequence of simple functions y,"(s) such that
y,"(s)=n; onope S (e T andY ?on=>S) and ||y,"(s) —¢[2. (5), s]HU,él.
It is clear that ||y,7(s) —¢ [#+ (5), s]||v, is measurable and converges to zero
as p—w. Thus ||y,7(s)||jv < M (U) and y,"(s)—>¢ [2. (s), s] approximately. By
Theorem 6.2 lim, [,y,7(s)ds= /. [x, (s), s]ds. But [,y,*(s)ds=D17n:|o -l
where > ?|o-on| <1. By Lemma 9.4 the set [[.y,7(s)ds|oc (0, 1);
n; p=1, 2,--- ] is compact and therefore [[¢[x./(s), slds|se (0, 1);
n=1,2, - ]is compact. By (2) and Lemma 9.3 there exists a subsequence
{#.,(s)} which approaches the continuous function x(s) uniformly on (0, 1).
Then by (3) w..(s)—w(s) uniformly on (0, 1). Clearly ||¢[x./(s), s]
—¢[x(s), 9)]||lv is measurable. Therefore ¢ [.,(s), s]—¢[x(s), s] approxi-
mately as k— . Also ||¢[x./ (5), s]||v < M (U). Again by Theorem 6.2

x(s) — x0 = li:n f(:(;b[x:.k(sx slds = Laqb[x(s), s)ds.

10. Examples. The following examples serve to illustrate some of the
properties of the U-integral as well as the importance of various hypotheses.
Example 10.2 demonstrates that the Birkhoff and Pettis integrals are differ-
ent. It is therefore possible to define a class of integrals for a Banach space.
Example 10.8 shows that the class of Pettis integrable functions does not
include a very well behaved set of functions. Example 10.9 proves that the
integral of a strongly measurable function may not be weakly differentiable.
These three examples answer questions raised by Pettis [4, p. 303].

B will be the space of real bounded functions x; on 7= (0, 1) with norm
||| =1.u.b.:er | x| . We will consider functions x(s) on S=(0, 1) to X. Inte-
gration on S=(0, 1) is taken with respect to the Lebesgue measure function.

It will be necessary for us to refer to the following theorem whose proof
can be found in another paper* by the author:

THEOREM 10.1. For every bounded additive set function 3(t) on all subsets
of (0, 1) there exists a denumerable set R(B) and a unique decomposition
B(7) =Bu(r) +B2(r) suck that B:(r) (=1, 2) are bounded additive set functions,
Bi(r) =B(R-7), and Be(r) =0 if T is a denumerable subset of (0, 1).

10.2. Example of a function which is Pettis integrable but not Birkhoff in-
tegrable (§7). Let x(s) on S=(0, 1) to B be defined as x(s) =x,(s)=1 if
t—s=p/2 for +p, n positive integers and x,(s) =0 elsewhere. Thus on the
unit square with coordinates s and ¢, ,(s) =1 only on a denumerable set of
points on any line parallel to either coordinate axis.

* This paper will appear in the Bulletin of the American Mathematical Society.
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Hildebrandt [19] has shown that for every # of the space adjoint to B
there exists an additive bounded set function 3(7) on all subsets of 7'=(0, 1)
such that for all x ¢ B, #(x) = [rx.dB. By Theorem 10.1, B(7) =B:(r) +Ba(1),
where Bi(r)=B(R-7), R is a denumerable subset of T, and B:(7) =0 for all
denumerable subsets of 7. Hence for each s

#[x(s)] = f x(s)d8 = f 5(5)d6: + f £4(5)dBs = f 2(s)dB.

It follows that &[x(s)]>0 only if x.(s)=0 for ¢ ¢ R. Let 6,=[s|s ¢ (0, 1),
%,(s) 0, fixed ¢] and 8,=_ . r8.. Then &, is the subset of S on which x,(s) 0
for some ¢ ¢ R. Since both §, and R are denumerable sets, 8, is a denumerable
subset of S. Therefore #[x(s)]=0 a.e. and x(s) is Pettis integrable to the
value x,=0 ¢ B for all measurable sets o.

On the other hand x(s) is not Birkhoff integrable. Suppose the contrary
were true. Then [1, Theorem 13], given ¢>0, there exist disjoint sets o,
such that Y _o; =S, the series »_x(s;)a(0;) is unconditionally convergent, and
si, s{ e o; implies ||D;2 2(s:)| 05| =2 so1x(s!)| 04| || <e. We first suppose that
for each ¢ there exists a o; such that for all s € o4, x,(s) =0. We can then divide
T into sets 6; where T= 0;, and for all f¢ 6; and s ¢ g;, x,(s)=0. Since
x:(s) =1 on a diagonal, S —o; contains the set 6 whose coordinate values are
those of 8;. In addition .S —o; contains 6/’ consisting of all points of the type
s+p/27and s/2" where s ¢ 8! for all integral p and #. Now 8/’ is a homogene-
ous point set in the sense of Knopp [20, pp.411-414] so that its upper measure
|67| =1 or 0. As there exists an 7, such that |6 | >0, it follows that
|S—0i,| 2|6% | =1 which is contrary to |es,| >0. Our supposition being
false, we can select a ¢, with the property that for every ¢, o; contains an s;
such that x,,(s;) =1. As |¢;| >0, there is also an s/ ¢ ¢; such that x,,(s/)=0.
But this implies that |3 x(s:)|o:] —>(s/)|o:|| = 1. The assumption that
%(s) is Birkhoff integrable has thus led to a contradiction.

10.3. Example of a U-integrable function for which there exists Ay such that
for all A= Ao, T a(x, S) is not unconditionally convergent (§2). One would ex-
pect a definition of unconditional convergence for J a(x, .S) at least to demand
the convergence of every sum Y ;x(s:)|oi| (si € ¢;). Even such a definition
would eliminate the function of the present example from the class of in-
tegrable functions if (1) we replace unconditional summability in Definition
2.1 by unconditional convergence, and (2) we insist that Ja(x, S) is uncondi-
tionally convergent if this is true for J4,(x, S) where A=A,.

Let X be the space B with a weak neighborhood topology defined by all
finite sets of linear limited operations on B. Let x(s) =x,(s) =1/sfors —¢=p/2»
where + p, n are positive integers and x,(s) =0 elsewhere. x(s) can be shown
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to be U-integrable (that is, Pettis integrable) in a manner identical with
that used in Example 10.2. Suppose Ay = {a.°= (1/2i,1/21) } andA = (5;) 2 A,.
As in Example 10.2 there exists £, and s; e o; such that x,,(s;) =1/s;. We will
now show that some sum of J4(x, S) does not converge with respect to the
neighborhoods U= [x|x ¢ X, | £,(x)| < 6] where #,(x) =x,,. This is an im-
mediate consequence of

1 2i—l

2 w(s) o =2 2 oo ]| =3 Z— = .

B p 1/2i—1 P 24

10.4. Example of a function x(s) on S=(0, 1) to B which is U-integrable
having the properties (1), (2), (3) given below.

(1) ||x(s)|| s not measurable. Convergence a.e. will therefore not imply
uniform convergence on the complement of sets of arbitrary small measure
(approximate convergence in Theorem 6.2).

(2) [ox(s)ds =80 for all o yet x(s) %0 a.e. B does not contain a denumerable
subset which is total (Theorem 5.2).

(3) x(s) is mot UVlintegrable. The two integrals are therefore distinct in
general (§8).

Let oo be a non-measurable set in S=(0, 1) and define x(s)=0 for
seS—ao and x(s) equal to the characteristic function of the point s for
s e 0o [4, p. 301, Example 9.1].

10.5. Example illustrating the need for sequential completeness in Corollary
4.3 and Theorem 6.2. In the Banach space of bounded sequences let 7, be the
linear extension of the set of unit vectors ¢,. The space m, is not sequentially
complete. Let x*(s) =x:*(s) = 8inpn for s e (1/2%, 1/271) and n <k (8;, is the
Kronecker symbol), and vanish elsewhere (k=1, 2, - - -  w). Despite the fact
that for every e >0 there exists a Ja(x, S) which is unconditionally summable
with respect to an e-sphere, 2¢(s) is not U-integrable in m, (Corollary 4.3).
On the other hand x*(s)—x¢(s) approximately, and the [,x*(s)ds exist and
are uniformly absolutely continuous (Theorem 6.2).

10.6. Example showing the need for sequential completeness in Theorem 6.5.
Let By be the linear subset of B consisting of all functions on 7'= (0, 1) whose
derivatives exist a.e. and take on only a finite set of values. B, is not sequen-
tially complete. We define x(s) =x,(s) =1 for {=s, and to vanish elsewhere.
x(s) is integrable on ¢ to (|o-I,t|). However if ¢(s)=s, then [i¢(s)x(s)ds
= (#2/2) which is not in B,.

10.7. Example showing the need of completeness with respect to D in a space

which is sequentially complete (Theorem 4.1). Let I, be the linear space of
functions x, on T=(0, 1) such that 3 ;|#,] <« and let I, be the set of all
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bounded measurable functions & on 7= (0, 1). Then #(x) =) _#,-x, is a linear
continuous operation on /,. We will define the topology on I, by all finite sets
of elements from J,. Any denumerable sequence of elements of /, differs on T
at only a denumerable set of points. /, is sequentially complete since this is
equivalent to the weak completeness of /; [6, p. 143]. Finally set x,(s) =d,,
onS=(0,1) tolo. As [,2(x.(s))ds = [,%.dt exists, it follows that for every U ¢ U
(finite set of ’s) there will be a Ja(x, S) which is unconditionally summable
with respect to U. On the other hand there exists no x°e/, such that
D& &%= [o&dt for all & ¢ Jo. x(s) is therefore not U-integrable.

For convenience let M be the class of functions x(s) on S= (0, 1) to B such
that (1) #[x(s) | as measurable for all & ¢ B, and (2) [,&[%(s) |ds are uniformly
absolutely continuous with respect to elements of B. If x(s) is contained in
a separable subspace of B, then it is Pettis integrable [4, p. 293, Theorem 5.3 ].
It is Dunford integrable in any case.

10.8. Example of a member of M which is not Pettis integrable. Sierpifiski
[21, pp. 9-10] has shown that equivalent to the hypothesis of the continuum
is the existence of a set § in the unit square I such that on every parallel to
the s axis 6 contains at most a denumerable set of points in I while on every
parallel to the ¢ axis / —6 contains at most a denumerable set of points in I.
We define x(s) on S= (0, 1) to B so that x(s) =x,(s) is the characteristic func-
tion of 6. In the notation of Example 10.2,

#[x(s)] =fot(s)dB =J;‘x,(s)dﬁl+fo¢(s)dﬁz.

Since for any ¢ ¢ (0, 1), x,(s) =1 for only a denumerable set §, in .S, it follows
that [rx.(s)dB:5%0 on at most the set 8= .8, which is denumerable. Let 1,
be the element of B which has the value one for all z¢ T. As(1,—.(s)) has only
a denumerable set of nonzerovalues for each s .S, we have [7(1,—x,(s))dB.=0.
Hence &[x(s) ] =[r1.dB; for all s ¢ (S—&,) so that &[x(s)] is measurable. The
integrals [,&[x(s) |ds are obviously uniformly absolutely continuous with re-
spect to elements of B. Thus x(s) e M.

Finally, let us suppose that there exists a y ¢ B such that #(y) = [,&[x(s) Jds
for every z ¢ B. For every & ¢ T there exists an %, ¢ B defined by Z,,(x:) = x.,.
This set is total on B.

Yo = Fio(y) = fsxto[x,(s)]ds = tho(s)ds = 0.

Now Banach [6, p. 30] has demonstrated the existence of & ¢ B for which
#o(x) =L [,x.dt whenever x, is Lebesgue integrable. Our supposition then leads
to
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0 = &(y) = fsxo[xt(s)]ds = fslds =1.

Therefore x(s) is not Pettis integrable.

It is to be noticed that F(z)=[.&[x(s)]ds is weakly continuous on B.
Since there exists no y € B such that F(z) = (y) for all # ¢ B, the Banach theo-
rem [6, p. 131, Theorem 8] to this effect for separable Banach spaces is not
in general true for nonseparable Banach spaces.

10.9. Example of an additive, absolutely continuous function x(c) on meas-
urable sets of (0, 1) to Hilbert space H which in the weak neighborhood topology
is pseudo-differentiable but a.e. not differentiable (§8). Let x; ; be a doubly infi-
nite set of orthonormal vectorsin H. We define y:(s) =2%; ;on (5/2¢,2-%+75/2%)
7=0,1,- -, (2¢—1), and elsewhere set y.(s) =0. As Birkhoff [1, p. 375, Ex. .
ample 2] has observed, y(s) = . ,¥.(s) exists a.e. and is Birkhoff integrable,
Pettis has shown [4] that x(¢) =[,y(s)ds is additive, absolutely continuous-
and in the weak neighborhood topology pseudo-differentiable. We will now
demonstrate that ||x(7)/| ||| is unbounded a.e. As in Theorem 8.3, this will
imply that a.e. the weak derivative does not exist. Let s=qa1a2 - - - @, - - - be
the dyadic representation of s & (0, 1). Hardy and Littlewood [22, p. 189 ] have
proved that any finite sequence of digits will recur an infinite number of
times on a set of measure one. In particular, » consecutive zeros will occur
infinitely often on ¢, of unit measure. Then ¢,=] o, is of measure one. For
each point of ¢, all numbers of consecutive zeros occur infinitely often. Sup-
pose p is the number of consecutive zeros not exceeding #/2 which immedi-
ately proceed the (n+1)st digit of ¢a1as - - - @, - - - =s. If I, is the interval
00102 * * * Qnp=SZoMbs - - Gnp+1/27, then

(0= [ | b 5 s+ [ " [0 - b () s

= E xi,i.‘/zi + «'(I,)
n—p

where x'(l,) is orthogonal to (x;;) (i=n—p, --,n). In this case
|2(Z.)/|I.||| 2 2. Since for each point of g, lim, p,= =, our assertion is
proved.
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